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A REGULARITY THEOREM FOR HARMONIC
MAPS WITH SMALL ENERGY

GUOJUN LIAO

1. Introduction

This paper studies the regularity problem of harmonic maps in higher
dimensions. We consider maps from the unit ball B in R” (r > 2) equipped
with a metric g into a compact submanifold N™ of R*. We say that u €
L3(B,N)if u € L3(B,R*) and u(x) € N a.e x € B. The energy E(u) of u is
defined as E(u) = [p|vu|*dv. A weakly harmonic map is defined to be the
weak solution to the formal Euler-Lagrange equations, which form a nonlinear
elliptic system. The equations are

i « i 8y Ou ;
(1.1) Au'(x)=g B(x)A(W,w), i=1,2,---,K,
where 4,(X,Y) € (T,N)* is the second fundamental form of N given by
A (X, Y)=(DyY)'. X,Y are vector fields on N in a neighborhood of
ue N. -

It is easy to see that u is harmonic if and only if (d/dt)E(u,)|,_, =0,
where u, is a 1-parameter family of maps defined by u,(x) = II(u(x) + t9(x))
V1 € CP(B,R¥). 11 is the nearest point projection of R* into N.

There is another type of variation that one may consider. One takes
u, = uo @, for ¢, a 1-parameter family of compactly supported C' diffeomor-
phisms of B with ¢, = Id. E(u,) is differentiable in 7. If u is always critical
for this type of variations and if u is harmonic, then u is called a stationary
map.

So far not much is known about the regularity of weak harmonic maps. For
n = 2 it is proved in [6] that a harmonic map with finite energy does not have
isolated singularity. A theorem of {7] says that u has no interior singularity if u
is stationary and n = 2.
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In this paper we generalize the result of [6] to higher dimensions. For n > 2
we cannot expect the finiteness of total energy to be sufficient for the
removability of isolated singularity. For example, take any harmonic map w
from §$”! into N with finite energy E(w). Define map u: B - N by
u(x)=w(x/|x]). u is again harmonic with finite energy since FE(u)=
E(w)/(n — 2). u has singularity at 0 unless w is constant.

We will assume the smallness of the total energy and show the apparent
isolated singularity is removable. Qur main result is

Main Theorem. Let B be the unit ball B(0) C R* with a smooth Riemannian
metric g. Let u be any harmonic map belonging to C*(B\ {0}, N). There exists
a constant ¢ > 0 independent of u such that u € C*(B, N) provided E(u) =
[p|Vul?dv < e

Our proof is based on the a priori estimates of C? harmonic maps obtained
by R. Schoen and K. Uhlenbeck and a monotonicity inequality.

We will present some preliminary results in the next section. In §3 we will
prove the theorem assuming that u is stationary. In §4 we will prove that the
monotonicity inequality is true for harmonic maps of finite energy with
isolated singularity. This result then enables us to complete the proof of the
theorem.

2. Preliminary results

Lemma 1 (monotonicity inequality). Suppose u is a stationary map from B
into N C R*. For n > 2 we have for 0 < ¢ < p < dist(x,,dB)

eCApp2—nf |Vu|2dx _ eCA°a2_"f |v“|2
Bp(xo) B,(xp)

(2.1)

> 2f e
B, (xp)— B, (xp)

where A and C are constants, B,(x,) (and B,(x,)) is the geodesic ball of
radius p (and o) centered at x,, respectively. For a proof one can read [5].

Lemma 2 [8]. Suppose u € C?(B,, N) is harmonic with respect to a metric g
on B,. Suppose

A_lj(aaﬁ) < gaﬁ < A(6a3)9 ‘aygaﬂl < Ar—l'
There exists € = e(A, n, N) > 0 such that if r*~"[5 |Vu|* < ¢, then

(2.2) r2sup|vul < Crz_"f Ivul.
B, B

-
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The proof of Lemma 2 makes use of Lemma 1, noticing that “C? harmonic”
implies “stationary”. The smallness of the energy is used to ensure that a
rescaled version v of u satisfying e(v)(0) = 1 and supe(v) < 4 is defined in a
ball B, with r, < 1. The boundedness of e(v) then enables one to use the
linear elliptic estimates. Here e(v) denotes the energy density. For details see
[7].

Lemma 3 (First variation formula). For a smooth family ¢, of diffeomor-
phisms which are the identity near 3B we let u, = u o ¢,. We then have

@3 GE@)| =~ f [laufaivx -2 (v, %), aue)],

where X = variation vector field = (d/dt),|,_, €, i=1,2,---,n, form an
orthonormal basis on B.

This is a standard result. One can prove it by a change of coordinates. We
mention one more result.

Lemma 4 [4]. If the image of a harmonic map u lies in a local strictly convex
coordinate chart on N, then u is regular.

=

3. The regularity of stationary maps

In this section we prove the following result:

Proposition 1. If u is a stationary map from B" into N C R%, n > 2, with
respect to a metric g, then there exists a constant ¢ > 0 such that u € C*(B, N)
provided that :

E(u)<e and ue C*(B—{0},N).
Proof. By a change of scale we can reduce to the case that g is close to the
standard metric g,. Thus we assume without loss of generality that
8up =0+ O(e),  8,8,4=0(¢) inB.
Apply Lemma 2 to the ball B,(x) where x # 0, r = |x|/2. We then get
r2|du|2(x)< Crz_”f |Vu|2< CE(u).
B,(x)
In the second inequality we have used the montonicity lemma. Assume
E(u) < &. We have the estimate
Ce/?

x|

Take a ball of radius r > 0 centered at 0. Let x, y € 9B,(0). Then

(32) ju(x) = ()| < [ laal < £

(3.1) |du|(x) <

¢ - A27r = Ce&¥?,

r
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where T is a geodesic on 9B,(0) connecting x to y with length < A2ar. This
shows that Osc(u, 9B,) < Ce'/?,

We want to compare u with a linear harmonic map #: B — RX. To define A,
we take 0’ = #(1) as the origin of R¥, where #(r) = f, g 1 is the average of u
over 9B,. Let C be a constant so that |4(vVu,Vu)} < C|vu|? Let

A= %24611]\1] {Max{u|(B2u(Q) N N) C a convex local
coordinate chart of N } } ,

where B,,(Q) is the Euclidean ball of radius 2p centered at Q. Let § be the
first point for which #(r) lies on 9B,(0"), i.e., § = max{r: |[#(r) — u(1)| = A}.
We take the first coordinate axis in the direction 0'%(8).

Clearly A > 0. We claim that 8 > 0 if 0 is not removable and E(u) < ¢ for
an ¢ > 0 small. The reason is that |u(x)— #(|x[)] < C-€/? as a direct
consequence of (3.2) and by definition u(|x|) € B,(0") Vx € B; \ B;. Thus we
can choose ¢ small so that u(x) € B,,(I1(0")) Vx € B\ B;. Then 6 =0
would imply that the image of u on B, lies in a convex local coordinate chart
of N, hence u would be regular.

Also 6 is uniformly away from 1 for ¢ small as a consequence of the a priori
bound of the gradient (3.1). Indeed, we have

N =1a(8) — ()<  sup [val)(1 - 8) < Cév2s,
dgrgl
hence 8 < Ce/2\7L,
Define h: B — R* by h(x) = (h(x),0,- - -, 0), where
m(x) = h(x]) = - =i+ x
Note that A, # = 0 and h(x) = #(8) on dB;, h(x) = u(1) = 0’ on 0B,, where

A, is the Euclidean Laplacian.

Observe that for n > 3

dh
‘1;31\38

2
r:rdy =f
Bi\Bs

2 _ 2—-n 2
_Rn-2) a1 N
2 8§27 -1 2

oh

ar

2 2
A rr mg(x) dx > C[sl |h{| rdr

(3.3)
> 0.

On the other hand, by Lemma 1 we have

du
34
( ) LI\BS

2
r2rdv g Cf qu|2dV= CE(u) < Ce.
ar B
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Our plan is to show

(3.5) fB -

which is a contradiction to (3.3) and (3.4) for & small.
Applying Green’s formula, we get (denoting h; = h, u; = u)

fB - r277(h — u)A(h — u)

2
%’E - ?)_1: r27"dv < Ce/?,

= V[rz“"(hfu)] -v(h—u)

B\\B,

— rl—n(h_u)g(_hi)_

3B, U3B, ar
2—n 2 2 n 2
5 vr2 . v |h - ul +f r2 v (h —u)]
B\ B; B\ B;

— ,.Z—n(h _u)(a_h a_u)

3B, UDB, ar o
2—-n 2 2
= h—u|r*" r*rv(h—u
2 ‘/;BluaBs | | j;lzl\as v ( )|
- r2="(h - u)(a—h -~ %) . |k — ul’Ar2=n,
9B,V 0B, dr dr 2 B\ B;

We get from this

[ rrlv-wl
B\ By

| h— uPrin 4 rz_"(h—u)(a—h —?E)
2 9B, UJIB; 3B, U3B;

or  or
3.6 + r2""(h — u)Au —
(3.6) [, = whu= [

1 8

r2"(h — u)Ah

1

2
+ = k= ul AP,
2 J B cdoi\By

Using the fact sup, . 5, |h ~ | < C¢'/%, we can estimate

(3.7) .];B rl"’lh—u|2

< Ce 81-m8m~1 < Ce,
9B,
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ok du
2~-n _ yr_ =
./i; r* “‘(ar ar)

B;
(3.8) < Cer 82_"[7\(n P A ) PV
) h 3B, 82 " —1 8
< ACe?,
where we have used the fact § small to assert
8t-n 1 1 <Cs .

32—n_1 =§' 1__82——n
Similar estimates can be obtained at 9B;. To deal with the third term in (3.6),
observe that

sup |h — u|< sup|h|+ sup|u — u|+ sup@
B\ B,

<A+ CEN<2 1y ca
4C
Choose ¢ small so that

(3.9) C sup \h—ulS%-*—C_Csl/le.
Bi\B;
We have

< (/ ‘ r2_"|Vu|2)C_sup lh — ul.
Bi\B;s B\B;

The last two terms in (3.6) are bounded by C - €1/ as a consequence of our

assumptions on g,,.
Since 4 is a radial map we can write the left side of (3.6) as

2
f ri-n Oh _ du +f rz"”|DTu|2,
B\ B; B\\B;

ar  or
where D u denotes the components tangential to 9B,. Absorbing the tangen-
tial term to the left, we get

(3.10) IL\B r2"(h - u)Au

2
/‘ r2—na_h_§£ +(1—58up |h—u|)/ r2—n!DTu|2
BB, or or B\B, B \Bs
(3.11 _ ’
) < Ce% + T sup Ih_“|f 2| 3%
BI\B; Bi\Bs or
< Ce? 4 e,

This inequality completes the proof.
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4. . Proof of the Main Theorem

We want to show the following extension of Lemma 1.
Proposition 2. If harmonic map u is C*(B\ {0}, N) and if E(u) < o0,
then we have for 0 < p; < p, <1

2 2
eCz\pzp%—)vf IVU| _ eCAplp%—nf IVu| 2]' eCArp2=n
B, (0) B, () O—-B,®

P2 1

ou l?
or

where C and A are constants.

Proof. Take X (x)= ¢ (|x]) - n.(|x]) - |x] - (8/8r)(x) for 6 >0, 7> 01in
the first variation formula, where 1, € C2([0,1], R") will be chosen later, ¢ is
a cut-off function so that y, is smooth and nonnegative, |¢/,| < 207! and

=0 if0 g,
(4.2) Yo (r){ =1 ifr> 2,
<1 elsewhere.

Define u, ,: B — N by
(4.3) u,  (x) = ku(x + tX,(x)).
Note that u, , is smooth. Thus we have

d

ZE(u,)| =0 Yo>0

since u is harmonic. ,
Let ¢ € C*°(R*,R") so that ¢(r)=1 for re[0,1}; ¢(r)=0 for r

€1 + a1, 0); ¢(r) < 0(a; > 0 = is fixed). Choose n,(r) = ¢(r/7) for 7 €

[Py, p2]in X,. Choose an orthonormal basis e, « -, e = 9/9r. We have

51,6y =

Ve Xo = VoMV fori=1,2,+-,n-1,

K
re-a
VasarXo (%"l")

where the derivative is taken with respect to r.
Denote x = x(r,8) and

g,(x)= %(<V,€i(%),ej>)(x), i,j=1,2,--,n— 1

Take a constant A > 0 so that |g;(x)] < A Vx € B. Then we have for
Lj=1,2,---,n-1

<v o* J> 11/ yH U+1I/onf Eij(r/’q))drl'
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Thus

n—1
diVXo = Z <Vet o’el> + <V8/8rXo’ ;) >
i=1

> (¥n.)'r + nyn, —(n — Dy,n,Ar.
Moreover, we have

'=i1 <du(Ve,_Xo), du(ei)>
n—1

% <du(MVre(aa )) du(e)>

i=1
d
+{du(Vy,s,X, )du(ar)>
n—1
< L yanldu(e,) I +(n = Dy, Arldul” +($on,r)

a_uZ
ar

Thus the first vanation formula gives

0> [ [Wan)'7+ nbgn. = (n = D)yon Ar]|duf o

(4.4) —2f nlaul do=2[ (o, )r\5;|

duf*
or

—2(n - 1)/ xponArldu|2dv.
B
Claim.

lzn,dv -0 aso—0.

To see this, use the estimate |du|?(x) < C;E(u)o~2 for x € B,,\ B,. Since
" |YLl(x) =0 for x € B,or x € B\ B,, and |[{,| < 267}, we get

fB |\p’o|r‘du|2n,dv < CE(u)o"6" %6 % = C,E(u)o>".

Since n » 3, the conclusion follows. Similarly one can show that
lim, _, [s¥on,ldul* = [gn,|du}?, etc. Letting 0 — 0, we get from (4.4)

02_/ (n’,r+nn,—(n—1)nAr)]du| —2[ n|du|
B B

uz 2
r‘ —2(n—1)[BnAr|du|.

—2/Bn'rg—
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It follows that

0 du |
2r 1l
<3(n—- 1)1+ ol)f nA|du|” + T—f nldu|” +(2 - n)f 0| dul’.
B B
Multiplying by 71" “A" for C = 3(n — 1), we have
a oul> 3
CAty2—n_Y hdsd CAT 2—n CArg,2—n
221 aTj;n, P <aT(e f’q|du[)+ale Cr f’qldu

Integrate over [p,, p,] and let 6; — 0. We then get

- 2 —
eCAplp% nf |du| _ eCAp2p% nf |du 2/ CAr 2—n
B

M

<3(n—1)f nrA|du| +fr—f A dul +(2—n)f 'q|du|2
B B

oul?
or

In the above computation we denote B = B;(x,) and Bp2 =B, (x,), B,, =
B, (xg)-

Proof of the Main Theorem. Under the assumption of the theorem we have
for x € B, \ {0}, |x| <1/2,

lx—lz~ /, vul' < c@x’ [ |vul < CE(w).

Ix1/2{x 2121(0)

So the estimate (3.1) still holds. Here we have applied Proposition 2 with
p; = 2|x], p, = 1. Then the same argument in the proof of Proposition 1 can
be carried through.
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